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Under the assumption that the pp annihilation takes place from an .S state, the unique final state of
P — 2p° — 27427~ has been constructed within the formalism of Jacob and Wick. The mean value of
cosfy2 between pion pairs has been computed and the results for annihilation at rest are {cos;z**)=—0.29
and (cosf12*~)= —0.31. The di-pion effective mass distributions have also been computed.

I. INTRODUCTION

N the search for p mesons in p+4p — nr it is not
possible to determine which pions belong to a p
since the lifetime of the p is so short. Thus, for example,
in making di-pion effective mass measurements, one
must include all possible pions pairs. In order to deter-
mine the extent of p production, it is necessary to know
the effect of measuring all possible pion pairs on the
effective mass distributions.
In this paper we shall calculate the two-body effec-
tive mass distributions in the final state of

p+D— 200 — 27427 1)

We shall find that if we assume the annihilation proceeds
from an S state, then the final 47 state is uniquely
determined, and we can derive an expression for the
expectation value of any two-body scalar operator
which commutes with the momenta of the individual
pions. In Sec. V this expression is used to compute
the mean value of cosf; between 77~ and == pairs.
In Sec. VI we compute the two-particle effective mass
distributions and find that although there are two p
mesons, the need to measure all possible pion pairs tends
to mask the resonance.

II. THE INITIAL pp STATE

With regard to the angular momentum, we have the
following picture: The antiproton enters the sample of
matter and loses energy just as any charged particle
does. As it slows down, probability of capture into an
atomic orbital increases and it is captured in some
atomic #, / orbital. Now just as in the classical case of
negative pion capture,! one assumes that the proton will
capture the antiproton (that is, the p—p system will
annihilate) if the wave functions overlap. One must
decide if the capture rate from a high / state is much
smaller than the rate of radiative decay to an .S state.
If this is so, then one may conclude that usually the
annihilation takes place from an S state of protonium.

* This work was supported in part by the U. S. Atomic Energy
Commission.

1 Based on part of a dissertation submitted in partial fulfillment
of the requirements for the degree of Doctor of Philosophy in the
Faculty of Pure Science, Columbia University.

f National Science Foundation Predoctoral Fellow 1961-62.

! K. Breuckner, R. Serber, and K. M. Watson, Phys. Rev. 81,
575 (1951).

Recently Desai? has made calculations which strongly
favor the S-state annihilation. In addition to the
radiative decay to the ground state, the protonium,
since it is much smaller than a hydrogen atom, is able
to penetrate other atoms and thus feel the strong
electric fields of other protons; thus there are also
Stark transitions. As in the case of K-meson capture,?
Desai finds that the Stark effects are very important,
and have the effect of producing rapid transitions to
the .S states.

Still more recently, with the accumulation of thou-
sands of annihilation events at CERN, there is
further evidence for the S state from the absence of
K*4K,° decays.* The reaction

p+P— KP4 K,° (from I=0 state)

is forbidden from the 1S, state because of parity con-
servation and from the 3S; state because of charge
conjugation invariance.

We shall therefore assume in what follows that the
initial pp system has J=0or 1.

Since the proton has isotopic spin 4 and component
+1 along the Z axis in isospace, the antiproton has
isotopic spin % and z component —3. Hence, the initial
pp system has 7z=0, and /=0 or 1.

The parity of a pjp system in an S state is odd. The
G parity® of a pp system in an S state is +1 for /=7 and
(—1) for I#J.

III. THE FINAL STATE

In this section we shall consider the final state of
proton-antiproton annihilation into two neutral p
mesons. We consider only the 27 decay mode of the p,
and we shall assume the annihilation takes place from
an S state of protonium. We are interested in neutral
o’s because we wish to see four charged pions in the
final state.

We shall find that p+5 — p°4p° from an S state
gives rise to only one possible final state, and we

2 B. Desai, Phys. Rev. 119, 1385 (1960).

3T. B. Day, G. A. Snow, and J. Sucher, Phys. Rev. Letters 3,
61 (1959).

4R. Armenteros et al., in Proceedings of the Iniernational
Conference on High-Energy Physics at CERN, 1962 edited by J.
Prentki (CERN, Geneva, 1962), pp. 351-356.

5T. D. Lee and C. N. Yang, Nuovo Cimento 3, 749 (1956).
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shall construct this state explicitly in the helicity
representation.®7

We first mention some properties of Lorentz trans-
formations on pion state vectors.

1. Single-Pion States and Lorentz
Transformations

Let w(p,f) denote the state vector of a single pion
of momentum p and charge . The scalar product of two
such states is given by

(w(p,t) |7 (D,t)) =20 (p,p")5(2,1'),

where the 6 function is understood to be a Kronecker
delta for the discrete variable ¢, and a Dirac & function
for the continuous variable p. w is the energy of the pion
and in units where the pion mass is 1, is given by
w=(14-p*12 The quantity §(0) is to be understood
as a very large but finite volume ¥V which cancels out
in the calculation of any physical quantity. The limit
V — o, is to be taken after the calculation is completed.

The components of a space-time point are denoted
by x, (u=0, 1, 2, 3) with xo=4¢. The velocity of light is
taken as unity.

To each Lorentz transformation which is con-
tinuously connected to the identity
x,,' = Lm\x)\ (2)

there corresponds a unitary transformation of the
state vectors

Lx(pt)=m(0'1),
pu'=L

For the parity operator P, we have, since the pion is

pseudoscalar,
Pﬂ'(p,t)=—‘ﬂ'(—p, t)' (4)

Let P, be the energy momentum operator; then we
have defined the Lorentz operator L such that

L7P,L=L,\P,. ®)

It will be convenient in the following to have a
special notation for specific Lorentz operators. In
particular, L(») will correspond to a Lorentz trans-
formation along the z axis;

(©)

M)\?)\ .

¥=zx,
! —
y=y,

2 =v(z+u),
=y (i+vz),

L(v): 6)

and y=1/(1—)12,

6 We follow closely the methods of M. Jacob and G. C. Wick
[Ann. Phys. (N. Y.) 7, 404 (1959)7; however, our conventions
are somewhat different. Our spherical harmonics and Clebsch-
Gordan coefficients are those of E. Wigner, Group Theory and its
Applications to the Quantum Mechanics of Atomic Specira, 1959.

7 Qur rotation matrices are those of A. R. Edmonds, Angular
Momentum in Quanium Mechanics (Princeton University Press,
Princeton, New Jersey, 1957).
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Let Jy, Js, J3, be the components of the total angular
momentum operator. A rotation about the kth co-
ordinate axis through a positive angle ¢ will be denoted
by Rx(¢). An explicit representation is

Ri(¢)=exp(ieJs). )

The rotation with Euler angles o, B, ¢, will be denoted
by
R(a,8,0)=Rs(@)R2(8)Rs (o) ®)
or
R(e,8,0)=exp(iats) exp(iBTs) exp(ipJe).  (9)

In the following, where states of many particles are
concerned, we shall use superscripts on the operators to
tell which particles are affected. Thus, L*?(») will denote
the operator for a Lorentz transformation along the z
axis for particles “1” and ‘2" only.

2. Two-Particle States: The ¢ Meson

The general two-particle state is a sum of elements
7 (p1,t)m (Payte) of the direct product space. Thus, if F
is a two-particle state,

Pp1dpe
———F(py,1: Pate)m1 (1) ma(Dayte) .
Wi

F=3%

1,2

(10)

We shall treat particles “1” and ““2” as distinguishable
and take care of Bose statistics by symmetrizing the
amplitude F(pl,tlz pz,tz).

The p meson has spin one and isotopic spin one. Its
mass M is approximately 5.4 pion masses (750 MeV),
and its width I is about 0.7 pion masses (100 MeV). It
decays rapidly into two pions.® We are concerned only
with the final two-pion state, so that henceforth, when
the term “p meson” is used, it is to be understood that
a two-pion state with the above quantum numbers is
meant.

Let po(1,2) denote the state of a p meson made up
of particles “1” and “2,” with z component of angular
momentum A, and charge ¢, and with zero linear
momentum. In accordance with the above, we may
write

@*py dpe
po™(1,2)= Z sit q—-t/ ———Fo (p1,p2)

Xwi(pyf)me(ps, g—1), (11)

where si},,t; is a Clebsch-Gordon coefficient which
couples the two isospin one pions to a state of isospin 1.

Since the p is at rest, its total angular momentum
is equal to its spin and is therefore unity. Also, because

8 A. R. Erwin, R. March, W. D. Walker, and E. West, Phys.
Rev. Letters 6, 628 (1961); J. Alitti, J. P. Baton, A. Berthelot, A.
Daudin, B. Deler et al., Nuovo Cimento 25, 365 (1962) ; E. Pickup,
D. K. Robinson, and E. O. Salant, Phys. Rev. Letters 7, 192
(1961); D. Stonehill, C. Baltay, H. Courant, W. Fickinger, E. C.
Fowler et al., ibid. 6, 625 (1961), and C. Alff, D. Berley, D. Colley,
N. Gelfand, U. Nauenberg e al., ¢bid. 9, 322 (1962).
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we work in the rest frame we have p,= —p,, and because
the width T' is neglected we have wi=ws=w=M/2.
Taking all this into account we see that the amplitude
Fo*(p1,p2) must be given by

Fo*(p1,p2) = N[wiws/ p1p2 26 (p1+p2)
Xé(witwe— M)V r(p1), (12)

where N[wiws/(p1p2) /2 is a conveniently chosen
normalization constant, and ¥ (p) is a spherical
harmonic of first order.

If we integrate over dp,, and write dp1= p2dpd
= p2d0 (dp1/dw1)dwi= p1e1ddw; and then integrate
over dw;, we obtain

o (1,2)=N 3 s1},41¢
t
x / LT @m0, )ma(—, —1), (13)

where p is a vector of magnitude p= (w?®—1)2
=[(M/2)?—17]" and dQ;=sin6d0dy, where 6, ¢ are
the polar angles of the vector p.

We define the state of a p meson moving along the
positive z axis with momentum k& and velocity v, and
with kelicity N, by means of a Lorentz transformation
L(v) along the z axis. Thus,

px(1,2)=L(2)po™(1,2). (14)

To obtain a state where the p is moving with mo-
mentum £ along a direction with polar angles 6, ¢, we
shall perform a rotation R(— ¢, —6, ¢) upon the state
in which it is moving along the z axis. Denoting the
former state by px?*(1,2) we have

pkq)‘(172)ER(— @y _07 So)qu)‘(l’z) (15)
or
px?(1,2)=exp(—iJ3¢) exp(—iJH)
Xexp(iJse)pr(1,2). (16)

Let %; be the sth component of the vector k. Then it
follows from Eq. (5) that

Pipx?=kipx?,

7

where P; is the ith component of the energy-momentum
operator for particles “1”” and “2.” Again using Eq. (5)
one may show that the helicity operator J-P/|P|
commutes with any spatial rotation operator and in
particular with R(— ¢, —0, ¢). Furthermore, the third
component of angular momentum commutes with a
Lorentz transformation L(v) along the z axis. Using
these commutation properties, together with the
defining equations (13), (14), and (15), one may show
that
J.P

—p P =Apx?;

|P|

that is, the state px® is an eigenstate of the helicity

(18)
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operator (for particles “1” and “2”) belonging to the
eigenvalue \.

Because the first spherical harmonic is an odd
function, and s}, 3, is antisymmetric in 4 and /s, we
may show from (11) and (12) that pe? is symmetric in
the particle labels “1” and “2,” so that the require-
ments of Bose statistics for the pions are met. Since the
Lorentz operators, L(v) and R(a,8,¢), act symmetrically
on particles “1” and “2,” it is clear that the states
ex?(1,2) are also symmetric in “1”’ and “2.”

We shall now discuss the action of the parity operator
P, on states of the p.

From Egs. (4) and (13), we have

Ppo?*=N 3 s51,},6%
t

X / QY 1 (@)m(—p, Dra(p, g—1). (19)

Upon changing the variable of integration from p to
p’'=—p, we see that

(20)

In order to discuss the action of P on p;? it will be
convenient to denote the state with helicity \, charge g,
and momentum k along the megative z axis by p_;?.
Thus,

Ppoq)‘: —‘poq)‘-

p—rP=Ro(—m)prP=Ro(—m)L(v)po?.  (21)
We shall prove the following useful relation.
Ppp?=(—1)*p-x2 . (22)

The phase factor (—1)* is a direct result of our con-
ventions and further holds only for motion along the
z axis. The proof of (22) follows. Since the operators
P, L(v), Ro(—m) belong to a (operator) representation
of the Lorentz group, they obey the relations
Ry(—m)L(v)=L(—v)Re(—),
PL(v)=L(—v)P.
The rest frame state has total angular momentum

unity and z component \. Hence, for any spatial
rotation R, we have

RPOq)\Z Z ® POq“gD(l) (R) e (24)

where the D®(R) are the representation matrices.
Furthermore,’

DD (Ro(—7)) jn=8,, 2 (— 1)1, (25)
The proof of Eq. (22) now proceeds from Egs. (20),
(21), (23), and (24) immediately.
Ppy?=PL(v)pe®™=—L(—1)ps?,
=—Re(—m) L) Ro(—m)po?,
= (= DRy(~m)L(5)pot™>(~ 1= (~ 1hp_se,

where we have used the relation (valid only in the case
of integral spin) Re(—m)Re(—m)=1.

(23)
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3. The Final State of p+p—29°—> 2= +2x

Since we wish to consider 2p° the total isotopic spin
must be either 0 or 2. But since the initial p—p system
has isotopic spin 0 or 1, it follows from conservation of
isotopic spin that /=0. Thus the final state is an
isoscalar.

The G quantum number for an even number of pions
is 41, and so the final state has G=-41. Since G is
conserved in the strong interactions, the initial p—7p
system must have G=+-1. We are assuming that the
proton-antiproton system decays from an S state, but
the only G=+1, I=0, S state of protonium is the
singlet .S state® so that the final state has total angular
momentum J=0. Thus, the final state is a scalar.

The parity of a proton-antiproton system in an .S
state is odd so that P=—1.

The final state is thus seen to have I=J=0, P=—1,
and because of Bose statistics for the pions, must be
totally symmetric in all of the pions. We shall construct
such a state in the over-all center-of-mass frame. Indeed,
we shall find that the state is unique.

We shall henceforth suppress the charge variable ¢
in px?(1,2) since we are restricting ourselves to neutral
p’s, for which ¢=0.

Define the four-pion state ®; by

®1=pi*(1,2)p-*(3,4).- (26)

&, is a state of zero linear momentum, in which two
(distinguishable) p mesons, both of helicity A move along
the positive and negative z axis, respectively. Because
the total angular momentum is to be zero, both p’s must
have the same helicity.

Since p mesons obey Bose statistics, we must really
consider the state

pi*(1,2)p-1*(3,4)+p-*(1,2)p:* (3,4)

which is symmetric in the two p’s. However, from the
definition (21), this state is just

(14 Rq(m))%:.

Since we wish to have odd parity, we must further
multiply this by (1—P).

Since we wish J=0, we must integrate over all
rotations R, S'RdR, where dR is the invariant volume
element of the rotation group (see below).

Since the pions obey Bose statistics, we introduce the
states

11)2= pk)\ (1)3).0410)\ (2a4) )
(I)3=pk)\ (174)9—19)\ (2;3) .

The totally symmetric, J=0, odd parity, final states
of two p mesons are therefore given by

27)

‘I’=[RdR[l‘*'Rz(‘lr)][l—P:]{‘I)1+‘I)2+‘I>8}; (28)

SHPIZ
where R=R(aB,y), and dR=dasinBdBdy, and
A=0, £ 1.
The region of integration is
0<a<2r, 0<B<r, O<y<2w.

Using the invariance of the group volume element®
in the form SdR'= fdR with R'=R(a,8,y)Rs(r), we
immediately obtain

v=2 f ARR[1— P}{®+®y+®3) . (29)

It appears that we have three possible final states ¥,
corresponding to the three choices: A=0, 1 in (26)
and (27). However, the state ¥ corresponding to A, is

just the negative of the state corresponding to —\. To
show this, consider

P, (for \)=Pp;*(1,2)p_1*(3,4)
=p-i*(1,2)p(3,4), (30)
P& (for \)=Ry(m)®;(for —N), (31)

using (26), (21),and (22). Obviously the same relation
holds for ®; and ®;, so that using the invariance of the
volume element gives ¥ (for \)=—¥(for —)\). Hence,
there is no odd-parity state for A=0, while the choices
A==1 give the same odd parity state except for sign.
Therefore, there is only one odd-parity state. [In the
same way one may show that there are two even-parity
states, by replacing (1—P) by (14P).]

We now have, choosing A=--1, for the unique final
state

\I'=2/dRR[1——P]{<I>1+<I>2+<I>3}. (32)
We have shown that there is only one possible final

state for p+7p — 20° from an S state, and it must be
given by (32).

IV. MATRIX ELEMENTS (W'|Vy:|W¥")

We shall now discuss the expectation value of an
operator Vi» which: (a) depends only on particles
“1” and “2,” (b) commutes with spatial rotations
R(a,B,y), (c) commutes with parity P, and, (d) com-
mutes with the momentum operators P, of the ith
pion.

Since R is a unitary operator, and commutes with
V12 and P, we have from Eq. (32)

(V| Via| )

3

4 / dRR,([1— P1®;, V1eRiR[1—PT3)

4:/dR1

X / dRy ([1—P]®;, V1oR/[1—P]®;), (33)

%,

=1

S,

I
M.

—
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or, dropping the prime and integrating over dR,
(Y| V12| ¥)

PSP N / dRy([1—P1b,, VisRL1—P18;), (34)

i,7=1

where we have once more used the fact that dR, the
rotation-group volume element, is an invariant and

2T 1 2
87r2=/dR=/ da/ d(cosﬁ)/ dy (35)
0 -1 0

is the total volume of group space.
We use the same method of removing the operator
from the left for the parity operator; thus, we have

(—P®;| Vi2R[1—P]|®;)= (&;| V1uR[1—P]|®;) (36)

since P is unitary, commutes with R, and since P?=1.
Using (36) in (34) we obtain

Vil 9)= 3 (8n / dR(@.| VuR[1-P]|®). (37)

%, 7=1

Now recall that R=R;(a)R:(8)Rs(y). Noting that
®; has zero z component of angular momentum,

Ry(7)®;=exp(iv/5)®;=;, (38)
while, denoting the Hermitian conjugate of 4 by A%,
@iTRa (OL) = <I>,;TR3 ( —OL)T = ‘:I)if . (39)

Substituting (38) and (39) into (37) we can im-
mediately do the integrations over « and v, whence

(¥ V1| W)

T

=) >

=1/ ¢

sinBdf(®:| Vi:Ra(8)[1—P][ ®;). (40)

In the Appendix we present an argument to show
that the terms for which £ in the right-hand side of
(40) vanish in the limit of zero width of the p, in
comparison with the terms for which i=j. Thus,
assuming this, we have

(Y| V| W)

- <47r>4§ SinBdB@:| VisRa(B)[1— P13, (41)

0

Now since Vi, depends only upon “1” and “2,”
it commutes with the transposition P4 of particles
“3” and “4.” Looking at Eq. (27) we find

¢3=P(34)‘1>2. (42)

The property Psyf=P@y™=P 3y now easily im-
plies that the term with ®; is identical to that with ®,
in the right-hand side of (41).

B1601

Let us consider the four terms (®;|Vi2R2(8)|®s),
(®1| VmRz(ﬂ)lP@J, for 1/=1, 2 of Eq (41) We shall
show that

(®1| V12R2(8)|[®#)=0 for B0, (43a)
(®2| V12R2(B) | P2)=0 for PB5=0, (43b)
(®1]| V1aR:(B)P|®1)=0, (43c)
(®2] VieR(B)P|P2)=0 for Bsw. (43d)

The first of these equations is obtained from the fact
that ®, is an eigenstate of the (Hermitian) momentum®
operator P® of particles “3” and “4” with vector
eigenvalue along the negative z axis, while V13R2(8)®,
is an eigenstate belonging to a different vector eigen-
value unless 3=0. The second equation is proved with
the identical argument but one must use the momentum
P®4-P® of particles “2” and “4” as the Hermitian
operator.

Equation (43c) is proved in the same manner again,
except that now we observe that ®; and V12R»(8)P®,
belong to eigenvalues +1 and —1, respectively, of the
helicity operator for particles “3” and “4.” [See Egs.
(26) and (18) above. ]

To prove (43d) we use the operator P,V+P,® for
the z component of linear momentum. Note that we
must use the fact that [Vy,P,V]=0.

Equations (43a)-(43d) state that the integrand in
Eq. (41) is equal to zero except at 3=0 or . If the
integrand were bounded, then the integral would
vanish; however, more careful consideration of the
normalizations involved shows that there are indeed
o-function singularities in the integrand on the right-
hand side of (41). Thus, instead we obtain

(T, V10%)=C[(®1] V1a|®1)+2(®2| V12| D2)
—2(®y| VieRo(m)P|®2)], (44)

where we have lumped all constants into the master
constant C.

Equation (44) will be our starting point in subsequent
discussions.

Note that if one were to ignore the total angular
momentum and not integrate over all rotations dR, but
rather choose ¥'= (1— P)[14+Ry(w) J[®1+P2+P5] one
could get exactly Eq. (44) more quickly. Physically,
this means that since Vs is a scalar, the result of a
measurement of Vs is the same for two p mesons moving
along the z axis, as for them moving along any other
direction in space, and there are no interference effects
between different spatial directions, in our ap-
proximation.

V. ANGULAR CORRELATIONS

We shall now use the result of the previous section
to compute the mean value of {(cosfis) for wrr™ pairs,

9 Recall that the momentum operators P¢? are defined by
PeN=P®OLPH and the angular-momentum operators by
JEN=J®H4J in terms of the single-particle operators P
and J@,
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and wt7t or 777~ pairs.® We shall denote the former by
(cosfy12“), the correlation between unlike pions, and the
latter by (cosfi2?), the correlation between like pions.
If we look for {cosf1») without charge correlations, then
we may use as a guide the following argument due to
R. Serber.t

If we square the equation of momentum conservation

Z Pi:o’
4=l

we obtain
n n
P24+ > P;-P;=0,
=1 i%]
ii=1

3

or, taking mean values, we have

#(p*y=—n(n—1){(p1ps cosfas),

whence, roughly
{cosfig)~—1/(n—1). (45)

We shall see that this is a very good estimate in our
case.

Returning now to the problem with charge correla-
tions, we define projection operators A%, A2l which
select those states of proper charge correlation:

Apotmitimgtimtse o =qrybirgtomrgts. - if  f=—tp=1,
=0, otherwise; (46)

Agolmytimotomsts. « « = qrytirgtoggts. o , if h=t=+1 R
=0, otherwise,

where mfiryrs’s- - - is an n-pion state in which particle
“7” has charge #;. The mean value of cosfyz for unlike
(like) pions in the state ¥ will be given by

(¥ [A19“C1a|¥)

012"’: ) 47
{cosbu) (¥ [Asg¥ | W) (47
(costra®) (¥|A1'Cra| W) 18)
cosbyp’)=——i,

(T [Aw!| W)

where the operator Cy; depends only upon the momenta
of “1” and “2”:

POL.P@
[Po|[Pe]

The denominators in (47) and (48) come from the fact
that observations are really being performed on the
state Ap"¥ (or A'¥), whose norm is given by
(A12"¥ |A12*¥). Since Ap* is Hermitian and idem-
potent, this norm is just

([ A1 Age* [ W) = (¥ [ ArArg* | W) = (¥ [Are* [ ).

CleC(P“(l),P,(Z))E

10 Angular correlation in p+4p — 277427"4na® have been
calculated by G. Goldhaber, S. Goldhaber, W. Lee and A. Pais,
Phys. Rev. 120, 300 (1960).

1 Professor R. Serber (private communication).
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We therefore have to compute the four expectation
values which appear in the right hand side of (47) and
(48). These operators are true scalars, depend only on
particles “1” and ““2” and commute with the momentum
operator P, of the ith particle, and so their expec-
tation values are given by formula (44).

According to Eq. (44) we must compute the mean
value of an operator in the states ®;, $;. In the two
cases we shall consider, V1, is diagonal in the momenta
P,OP,® of pions “1” and “2.” The states ®; and P,
may be written as

®y= L (0)Ry® (—m) L ()" (1,2)p0" (3,4)

50
By L0V () Re® (—m) L o (L3)pidA(2,4), )

where LG9 (v) is a Lorentz operator which acts only
on particles “4”” and “j.”” Making use of (21), (24), and
(29), we can rewrite this as

B1= L @)L (—0)pe’(1,2)p0"~ (3,4),

51
By= LD Q)LD (=)o@ (1,3)p01(2). D

Thus, ®;, P, may be written as Lorentz operators
acting on states of two p mesons at rest. We shall, in
computing expectation values, take the operator off the
rest frame states, and compute the “transformed V15"
in the rest frame. To be more specific, we have

b= LaPOOI(lyz)pOO'—I (3;4) ) (52>
®y=Lopo” (1,3)ps"1(2,4),
with
L,=L® ()LD (—v),

Ly=L09 () L0 (—1), (39

and the “transformed V" is just Ly 'Vi2L, (and
Ly 'V12Ls), and these are to be computed in the states
p0(1,2)p¢*(3,4) [and pd™*(1,3)ps"*(2,4) ]. _
From the fact that A;2%, A2l both commute with
Lorentz transformations, and from the definitions of
the rest states pp?(1,2) in Eq. (13), we obtain
(1] Are¥| 1) = @]|= (P1, 1),
(B2] Are*| D) =3[/ ®],
(‘I’llAmliq)l):O,
(@2] Ave! [ 2) =%,
(B2| A12*Ro(m)P|P2)=0,
(2| A12'Ry(m) P | B5)=0,

(54)

and if we use the operator equations

3 3
Lt Z POPAL,= Z Pi(l)Pi(Z)—Po(l)Po(Z)
=1 i=1
+LPy PP L, (55)
3
La_ll:z P¢<1>P¢(U]—1/2La= [_ 1_|_La-—1P0(1)P0(1)La:|—1/2 ,
=1

(56)
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and similar equations for L, and use_Eq. (5), as well as note that in our space the invariant pion mass operator
2o it® Pi{®OP;O— Py P® s just the negative of the identity, —1, we finally obtain, after some manipulation,

Yll : 2 2 wZ_ 2 12 2& — 2 w2
(‘1’1IA12"012!<1>1)=H<I>1|]/d&2 | V1108, 0) | 22 (w2 —12p* cos?0) — (p*+?) ] 57)
{[v*(wtvp cos)*~1][v*(w—2vp cosh)*— 1]}
d1d2Y11112Y1—192,222 01—|~w 0y — v
(¢2IA12“C12|<I>2)=%||®1||/ 01dQs | V11 (01000) |2 (B2, ¢2) |2[¥*(p cosBi+1w) (p cosBy—v )]’ (58)
. {[v*(w+vp cosbr)?—1][v*(w—vp cosfz)?—1]}1/2

where p, w are the magnitude of the momentum and energy, respectively, of a pion in the rest frame of a pmeson;
v is the velocity of the p in the proton-antiproton rest frame and y=1/(1—1?)"2. The numerators of the above
equations are just the Lorentz transforms of p;-ps, the denominators are the Lorentz transforms of |p:||p:|, and

we have omitted the Lorentz transforms of pizpastpi,pe, in (58), since their azimuthal integrals vanish.
In exactly the same way, one finds expressions for the other necessary matrix elements

(1] A12'Cr2| P1)=0,

(59)

(P2] A19'C12| B2) = (P2| A19"Cra| P3).

The integrals which describe (@3] A12C12R2(7)P|®s) vanish for Ajs* and Ajq? because of azimuthal integrations

in the p-meson rest frames.
Comparing (47), (48), (54), (44), we obtain

| V12(0,0) "L (=129 cos) — (p+?)]

(60)

(cosé)m“):%l:/d@

{07 (o+op cost)?— 1T (w—0p cosd)P— 1T}

]—f—%(cos()ml) ,

dQldQ2| Y11(01§01) |2| Yl,_1(02<p2) [2[72 (? C0501+7)w) (P COS@z— 'uw)]
<COS€12Z>=/ .

(61)

{[v*(w+vp cosfr)?—1][v*(w—vp cosfy)2—17}1/2

Physically, Egs. (60) and (61) may be understood
by noting that particles “1” and “2” may have like
charges only if they “belong” to different p mesons.
Thus (cos#’) is the expectation value of cosd for pions
of different p mesons. However “1”” and “2” may be
oppositely charged if they belong to the same p, as well
as if they belong to different p. The integral in (60) is
just the expectation value of cosf for pions emitted
from the same moving p meson. Note that in the limit
v—», v—1 we obtain the value (cosf;2?)=—1.00,
and (cosf2*)= (4+1—1)/2=0 which corresponds, as it
should, to one #*r~ pair moving parallel to each other
in one direction and another 77~ pair moving parallel
to each other in the opposite direction. We should also
like to observe here that the mean value of cosfys,
without charge correlations is given by —% in this
limiting case in complete agreement with Serber’s
argument. If we take the limit y— 1, v— 0 in (60)
and (61) we again obtain —3 for (cosf;») without charge
correlations.

The integral in (60) may be written in terms of
standard elliptic integrals and the integral in (61) may
be evaluated in terms of elementary functions. For
the case of antiproton annihilation at rest, we obtain!?

<COS€12’>= —0.29 <COSH12">= —0.31 . (62)

Note that these values too, agree with Serber’s
argument, although not exactly.

2 We wish to point out that the values of cosfio* and cosfys!
quoted here differ from the values quoted in the original disser-
tation p. 76 and p. 87. The present values are the correct ones.

VI. MASS CORRELATIONS: TWO-PION
EFFECTIVE MASS DISTRIBUTION

In this section we shall compute the probability
distribution for the two particle effective mass. The
mass operator Sy2 is defined in terms of the momenta by

3
Sia= (PO Py®)i— 3. (PO+PO),
=1

(63)
=24-2(Py WPy —PW.P®),
For a p meson we shall clearly have
((L,2)[Sz|p(1,2))=M>(p(1,2)[p(1,2))  (64)

where M is the mass of the p. We shall compute the
mass distribution for unlike (4+— and —-) charges
as well as for like (4 and — —) charges.

The mass distributions in a state ¥ are given by

(T]6(S"—S12)A12*| F)

“(§)= (65)
) (V| Are*|F)
(T|6(S"—S12)A1et | F)
1S = 66)
1S @A D) (

where the A12*(A12?) have been defined in Eq. (46) to
guarantee that particles “1” and “2” have opposite
charge (have the same charge). §(S’—S12) is an operator
since Sz is an operator, and is diagonal in the mo-
mentum representation. Upon inserting a complete set
of states we can show easily that

[wf“(S’)dS’=fwfl(S’)dS’= 1 (67)
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Fic. 1. Calculated di-pion effective mass distributions for
p+p — 2% — 2r+427" plotted against the square of the effective
mass s/, in units where the #* mass is unity. The =+~ distribution
is one-half of a relativistic Breit-Wigner resonance plus one-half
of the ntat distribution: (a) corresponds to pp annihilation at
rest; (b) corresponds to a P center-of-mass momentum 0.63
BeV/e.

that is, the distributions are normalized.

The operator Vig=A0(S'—S1) is a rotational
scalar, commutes with parity P, and with the mo-
mentum operators, and further depends only on particles
“1” and ““2.” Therefore, by the discussion of Sec. IV
above, all of the matrix elements of (65) and (66)
satisfy Eq. (44).

As in the case of the angular correlations, we shall
“take the Lorentz operators off the state vectors” and
put them on 8(S'—Si2) and then write the matrix
elements as integrals in the p-meson rest frames. The
first matrix element in Eq. (44) is quite trivial according
to (64) and yields

(1] A15*3(S'— S12) | @1)=5(S"— M| 24|, (68)
with ||®,]| being the norm, (®,,®;). As the probability

of “1” and “2” having the same charge is zero in &y,
we also see that

(‘I’l | A12l5(sl'—512) [‘I’],)= 0 .
For the other two terms, we note that
Ly S1Ly= L (9) 1L (—2)71S1,L W (1) L& (=), (70)

where L is defined in (53) and L (v) is a Lorentz
transformation along the z axis for the ith particle,
corresponding to velocity v.
Hence, we have
Li7S15Ly= 2y (Po® 40P M) (Po® —vP3®)
— 292 (PO 40Py W) (P3® —pPy®)
—2P, WP, @ 2P, WP

(69)

(71)

SHPIZ

where, as usual, y2= (1—1%)~! and we have used the fact
that the single-particle mass is unity.

Using (71) and (52), we obtain
(P2 A128(S"—S12) | B2)

= (‘Pg lAlzla(S/—Slz) !‘1)2)

=&y / d.dQs| V11 (6101) |

X | V11(0202)]%(S"—81)  (72)
with the number S:» given by

S12=242v*{ (w+vp coshy) (w—vp cosfs)
— (p cosbi+1w) (p cosfe—1w)}

— 2% sinf; sinds cos(p1— 1), (73)

where p, w are the momentum and energy of a pion in
the p rest frame.

From Eq. (52) and the fact that PRe(7) commutes
with Lorentz transformations along the z axis, we
learn that

PRy(m)®2= Lipo®1(1,3)0e"1(2,4) (74)
and hence
(2] A12°0(S"— S19) PRy () | ®2)
= (B2 A15!0(S"—S12) PRy () | B2)
=3[®i] [ 422V 1*(0101) V1,-1(01001)
X V1,-1*(0202) V11 (B202)8(S’'—S1),  (75)

with S;; given as before by (73).
Taking into account (54), (44), (68), (69), (72), (75)
we have

S8 =3[6(S" = M)+ f1(S")]

fYSH= /dQldﬂgé(S’——S_m)l Vi(0101) || Vi—1(0200) |2

—/dﬂldﬂgé(S'—Sm) V11(0101)*Y1,-1(01¢01)

XYV1,_1(0202)*V11(02¢2) . (76)

Equations (76) show clearly the effect of the p
resonance on the two particle mass distribution. The
curve f!(S") for like pions will be some smooth function
which is mostly determined by phase space. The curve
f(S") for w+x— pairs consists of this smooth background
function together with the 8-function peak at the mass
of the p squared. It is clear that if we took into account
the width T of the p, the & function would appear as a
Breit-Wigner resonance curve. Furthermore, if we con-
sidered the reaction

PP — pmt

we would have similar results except that whereas the
resonance is one-half of f* for two p° the resonance
would be only one-quarter of f* for one p” and 2. There
would also be differences because the interference effects
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between the #’s which belong to the p’s and the #’s
which do not, may not be negligible.
Returning to the integrals we introduce the variables

x=cosf
y=cosf:
1= (1/27v%*)(S'—2)
#=p/w=velocity of a pion in p-meson rest frame ()
a=1—[(1+*) (1—w2xy)+2vu(x—y)]
t= (=) (1—5) 7,
then from (73)
8(8"—=812)=(1/2v%)8 (et £ cos(p1—¢2)).  (78)

Clearly, for |a|>£ 8(S'—812) vanishes, and one may
easily show that

2m 2T
/ de / de:d(at§ cos(e1— ¢2))
0 0

4r
=D,

2m 2T (79)

/ d<P1f dead(at£ cos(p1— @y))e2ile1—eD)

0 0
4n[2(e?/8)—1]
-
(EZ_a2)l/2

where 6(z) is the step function which is unity for
positive z and zero for negative z. Using (79) we may
perform the azimuthal integrations in (76), and com-

bining the two terms of the integrand, and writing the
spherical harmonics out we obtain

/dx/ (1 (A= (1—y)

a?)l/?

X6 (¢ ian[ (z—?—l)]
f / (1— x2)(1 (1—2%)(1-5")

XO(¢— fal (B—a)'?,
and upon noting the definition of { in (77) we get

2 / dx/ dy(E—a) (e |al). (81)

(=lal),

JHS)=

327y%w?

167r'y
(80)

1(S") =
S 1671w

The quantity £—a? occurring in (76) is a quadratic
in y which opens downward and which vanishes only
in the interval —1<y<1 for the values of x and &'
which are of interest. Thus, one may do the v integration
in (81) between the roots (in y) of £2—a?, and ignore the
step function. The remaining x integration involves a
quartic divided by a quadratic raised to the § power
and may also be done analytically.

In Fig. 1 we have plotted the distribution f*(S’) for
a7t pairs as well as the f4(S"), where f«(S’) is defined
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Fic. 2. Calculated di-pion effective mass distribution for
p+p— p°+7r++7r — 27427 plotted against the square of the
effective mass s, in units where the =+ mass is unity. The =7~
distribution is one-fourth of a relativistic Breit- Wigner resonance
plus three-fourths of the =*z* distribution (which is assumed to
be the same as in Fig. 1): (a) corresponds to pp annihilation at
rest; (b) corresponds to a p center of mass momentum of 0.63
BeV/e

by
J4(S)=3(MT/m)/[(S'— M)+ M*T*]+511(S")  (82)

and is obtained from f*(S’) by replacing the § function
by the more realistic Breit-Wigner resonance curve
[Mr/x]/[(S'—M?)+M*T*].

If we consider the reaction pp — p’<4-n*-=—, then we
can estimate that the +— mass distribution would be

(T /m)/[(S"— M)+ MPT*]H-EF(S)

~+interference terms. (83)

If we argue that F!~ f' and ignore the interference
terms, then the mass distributions would be as shown
in Fig. 2.

It is not possible to compare our results with those
published by Button et al.*® as their 4 events corre-
spond to only a small fraction of the total events
presented. Figures 1 and 2 clearly show how the need
to measure all possible pion pairs masks the resonance.
We have taken I'=100 MeV, but clearly this masking
effect would be increased if T’ were larger, as had been
reported in the original measurements.

We shall conclude this section with some comments
on the relationship of the interference terms to Bose
statistics.* The ‘background” terms in f* would
appear even if the state were not symmetric in all of
the pion variables, because in computing f* we use all
unlike pion pairs, including those in which the pions
belong to different p mesons. In the case that the state
were not symmetrized there would obviously be no
interference terms between states where pions “1” and
“2” belong to the same p, and states where pions “1”

18 J, Button, G. Kalbfleisch, G. Lynch, B. Magli¢, A. Rosen-
feld, and L. Stevenson Phys. Rev. 126, 1858 (1962).

%'The author is indebted to Professor R. Serber for the com-
ments which follow.
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and “3” belong to the same p. Thus, although in our
calculation we have postulated a symmetric state, we
have neglected these interference terms, which are
truly the effect of Bose statistics. Therefore, the differ-
ence between our calculated f* and f' is not to be
attributed to Bose statistics, but rather to the defini-
tions of these distributions which take into account all
possible pion pairs. The terms which come from Bose
statistics are the interference terms.

VII. CONCLUSION

We have considered the pp annihilation into 2p° as a
means of determining the effect of measuring all possible
pion pairs, which is to mask the resonances. We have
found that the “background” mass distribution which
comes from pions that belong to different p’s is peaked
near the resonance peak and is in fact 429, of the
distribution at the resonance peak. Upon extrapolating
our results to pp — p’~4-nt4-7~, by assuming that the
mtrt mass distribution does not differ too much from
that which we found for 2°, the “background” is 599,
of the mass distribution. Furthermore, although we
have assumed that the pp annihilation proceeds from
an S state, we believe that the results for the mass
distributions would be only slightly changed if some
other / value were assumed, because the available
energy-momentum phase space is the important factor.

With regard to the angular -correlations, we
found that Serber’s argument, which yields (cosfis)
=~—1/(n—1) for an n-particle system in the center
of mass, very accurately describes our results for the
four-pion final state. For p—7 annihilation at rest into
2p°%, we found that there is very little difference between
the mean value of cosf;; for #t=* pairs and the mean
value for =7 pairs.!s
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APPENDIX

In this Appendix we shall estimate the order of
magnitude of the interference terms which were omitted
in deriving Eq. (44) of Sec. IV. The argument depends
completely upon the size of the regions of the allowed
phase space and so we neglect isotopic spin and total
angular momentum factors.

15 We do not believe it reasonable to extrapolate our results on
the angular correlations to the case of p-2, because in this case
there are a large number of possible values of the relative angular

momentum between the pions which do not form the p, and the
angular correlations are sensitive tolthis.

SHPIZ

Let Fy(py,p2|ps,ps) be the amplitude for a p meson
of pions “1” and ““2” moving in some direction with
momentum k& and energy E, together with a p meson
of pions “3” and “4” moving in the opposite direction
with momentum % and energy E. Then if the p has
zero width,

F1(py,p2| ps,ps) = 6@ (3 p)d RE—3 wy)
X8(S12—M?)5(Ssa—M?), (A1)
where

Sii= (witw;)?—= (pitps)?.

Let F be a similar amplitude, which differs from F; in
that pions ““2” and “3” have exchanged roles:

Fy(p1,p2| ps,p4) = F1(p1,03| p2,p4)
Fo(p1,p2| ps,p4) « 6@ (3 p)d(2E—2_ wy)
X8(S13—M2)5(Saa— M?).

The region R; in which F;#0 is a six-dimensional
hypersurface embedded in the twelve-dimensional
space of points (pis:*-,ps.). Consider the region
RyNR; (the intersection of R; and R;), where simul-
taneously F17#0, and Fy20. In addition to the four
equations of total energy-momentum conservation, we
have

512:M2: S34:M27 Sl3=M27 S24=M27 (AS)

so that Ry R, will be, in general, of dimension four.

If we smear out the p mass by an amount I, then
R; will become an eight-dimensional region whose
volume is proportional to I'? and the intersection
RiMR, will become an eight-dimensional region whose
volume is proportional to I'%.

As the energy E of each p increases, the momenta
of the pions emitted from the same p are almost parallel
and are opposite to the momenta of the pions emitted
from the other p. For sufficiently large E, there are no
values of momenta which satisfy A3 and energy mo-
mentum conservation; that is, the volume of Ri/MR,
tends to zero as E increases. It is therefore plausible
that the volume of RiMR; is proportional to T*(I'/E)?
relative to a volume I'? of R..!6 Thus, if Via(ps) is a
nonsingular function of the momenta, then

/FI*V12F2 / Fl*V12F2
RiRo (P

2
- < ~> R
M
/Fl*VmFl / F*V 1ol
Ry

The ratio of interference terms (®;|V|®;) to the
terms (®;| V' |®,) is thus seen to vanish as I' — 0, and is
probably less than (T'/M)*= (100 MeV/750 MeV)?
=20.02. The neglect of the interference terms in the
deduction of Eq. (44) of Sec. IV above is thus justified.

16 Upon restricting the p mesons to motion along the z axis,
we can more clearly compute the volume of R; and the volume
of RiNR;, and we indeed find a ratio of (I'/E)2. In Eq. A4 we use
the more modest upper bound of (T'/M)2

(A2)




